This paper investigates integral inequalities with delay for discontinuous functions involving two nonlinear terms. We do not require the classes ℘ and j in Gallo and Piccirillo's paper (Bound. Value Probl. 2009:808124, 2009 
Introduction
The Gronwall-Bellman integral inequalities and their various linear and nonlinear generalizations, involving continuous or discontinuous functions, play very important roles in investigating different qualitative characteristics of solutions for differential equations and impulsive differential equations such as existence, uniqueness, continuation, boundedness, continuous dependence of parameters, stability, attraction, practical stability. The literature on inequalities for continuous functions and their applications is vast (see [-] ). Recently, more attention has been paid to generalizations of Gronwall-Bellman's results for discontinuous functions (see [ He replaced the constant c by a positive monotonously nondecreasing function a(x), and also estimated the inequalities
In , he [] generalized the inequalities above from one integral to two integrals with a form
In , Iovane [] investigated the inequalities with delay
Later, Gallo and Piccirillo [] further discussed
with a general nonlinear term w(u) of u. They assumed that w ∈ ℘ or w ∈ j , where the class ℘ consists of all nonnegative, nondecreasing and continuous functions w(u) on [, ∞) such that w() =  and w(αu) ≤ w(α)w(u) for all α >  and u ≥ , and the class j consists of all positive, nondecreasing and continuous functions w(u) on (, ∞) such that w() =  and w(α - u) > α - w(u) for all α ≥  and u > . The classes ℘ and j allow a reduction of a(t)
to the case of a constant a  by dividing a(x) if a(x) is a positive and nondecreasing function. Actually, when we study behaviors of solutions of impulsive differential equations, a(x) may not be a nondecreasing function, and w may not satisfy the condition w ∈ ℘ or w ∈ j . For example, w(u) = e u does not belong to the class ℘ and j for any α >  and large u > .
Thus, it is interesting to avoid such conditions. Motivated by this observation, in this paper, we consider the following much more general inequality
with two nonlinear terms w  (u) and w  (u) of u, where we do not restrict w  and w  to the class ℘ or the class j . We also show that many integral inequalities for discontinuous http://www.journalofinequalitiesandapplications.com/content/2013/1/430 functions such as (.), (.) and (.) can be reduced to the form of (.). Our main result is applied to estimate the bounds of solutions of an impulsive ordinary differential equation.
Main results
Consider (.), and assume that (C  ) w  (x) and w  (x) are continuous and nondecreasing functions on [, ∞) and are positive on (, ∞) such that
is nondecreasing; (C  ) a(x) is defined on [x  , ∞) and a(x  ) = ; β i is a nonnegative constant for any positive integer i;
is nonnegative and piecewise-continuous with the first kind of discontinuities at the points x i : x  < x  < · · · , where i is a nonnegative integer and
for u ≥ũ j and j = , , whereũ j is a given positive constant. Clearly, W j is strictly increasing so its inverse W - j is well defined, continuous and increasing in its corresponding domain.
The proof is given in Section . 
Hence,
After recursive calculations, we have for 
and f  (x, s) ≡ , the inequality above is same as (.). Similarly, (.) can also be reduced to (.).
Consider the inequality 
where r i+ and its related functions are defined as in Theorem . by replacing f j (x, s) with
Proof Because f j , h j and w j are continuous, we have
where
which is just the form of (.), if we take b j (x) = x for j = , . Note that for fixed s, the function
Remark . Using the same way, we can change inequality (.) into the form of (.) with
Proof of Theorem 2.1
Obviously, r  (x) is positive and nondecreasing in x, andf j (x, s) is nonnegative and nondecreasing in x for each fixed s and j = , . They satisfy r  (x) ≥ a(x) andf j (x, s) ≥ f j (x, s). We first consider x ∈ [x  , x  ), and we have from (.) and (.)
Take any fixed T ∈ (x  , x  ), and we investigate the following inequality
Since w  and w  are nondecreasing,
Integrating both sides of the inequality above, from x  to x, we obtain
, or equivalently,
It is easy to check that ξ (x) ≤ z  (x), z  (x  ) = W  (r  (T)) and z  (x) is differentiable, positive and nondecreasing on (x  , T]. Since φ(W -  (u)) is nondecreasing from the assumption (C  ), we have by (.)
Note that
Integrating both sides of inequality (.), from x  to x, we obtain
Thus,
We have by (.)
Since the inequality above is true for any x ∈ [x  , T], we obtain
Replacing T by x yields
This means that (.) is true for x ∈ [x  , x  ) and i =  if replace u(x) with u  (x).
where the definition of r  (x) is given in (.). Note that the estimate of u  (x) is known. Equation (.) is same as (.) if replace r  (x) and x  by r  (x) and x  . Thus, by (.), we have Hence, the results in [] can not be applied to inequality (.).
